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. . . Abstract. Let I, J7 be symmetric quasi-Banach ideals of compact operators on an infinite-dimensional complex 

Hilbcrt space H, let ^ : X be a space of multipliers from X to J7. Obviously, ideals X and ^ are quasi-Banach 
' algebras and it is clear that ideal J7 is a bimodule for X. We study the set of all derivations from X into J7. 

■ We show that any such derivation is automatically continuous and there exists an operator a E ^7 : X such that 

S{-) = [a, ■], moreover < ||<5||i->j' < 2C||a|| j-.x, where C is the modulus of concavity of the quasi-norm 

^ |i II • II J-. In the special case, when X = J = K{H) is a symmetric Banach ideal of compact operators on H our 

' result yields the classical fact that any derivation 5 on K{H) may be written as S{-) = [a,-], where a is some 

^ _ ^ . bounded operator on H and ||a||s(H) 1^ ll^lll— >I l£ 2||a||g(£f). 



1. Introduction 



< 

q 

', Let I, J be ideals of compact operators on H. Obviously, J is an I-module and we can consider 
\ the set Der(Z, J') of all derivations 5:Z^J. Consider two closely related questions (here, B{H) is 
the set of all bounded linear operators on H): 

ps) \ Question 1.1. Let 5 € Der(Z, J"). Does there exist a hounded operator a € B{H) such that 5{x) = 

■ [a, x\ for every x ^T? 

^ • Question 1.2. What is the set D{I, J) = {a e B{H) : [a, x] e J, ^x el}? 

■ The second question was completely answered by M. J. Hoffman in [8], who also coined the term 

■ ^-essential commutant of X for the set D{I, J'). We completely answer the first question in the setting 
. when the ideals X, J are symmetric quasi-Banach (see precise definition in the next section) . In this 
. setting, it is also natural to ask 

^ ' Question 1.3. Let b G Der(X, JT). Is it continuous? 



Of course, if (5 € Der(X, J') is such that 5{x) = [a, x] for some a € 13(H) (that is when 5 is 
implemented by the operator a), then 5 is a continuous mapping from (X, || • to {J', \\ ■ that is a 
positive answer to Question [TTT] implies also a positive answer to Ouestion ll.31 However, in this paper, 
we are establishing a positive answer to Question 11.11 via firstly answering Question 11.31 in positive. 
Both these results (Theorem 13.11 and Theorem [32]) are proven in Section 3. We also provide a detailed 
discussion of the jT-essential commutant of I in Section 4. 

It is also instructive to outline a connection between Questions 11.11 and 11.31 with some classical 
results. It is well known (|18j. Lemma 4.1.3) that every derivation on a C*-algebra is norm continuous. 
In fact, this also easily follows from the following well-known fact ([18], Corollary 4.1.7) that every 
derivation on a C*-algebra A4 C B{H) is given by a reduction of an inner derivation on a von Neumann 
algebra (the weak closure of Ai in the C*-algebra B{H)). The latter result ([IB], Lemma 4.1.4 

and Theorem 4.1.6), in the setting when is a C*-algebra IC{H) of all compact operators on H 
states that for every derivation 6 on A4 there exists an operator a € B{H) such that 5{x) = [a, x] for 
every x G JC{H), in addition, ||a||0(j:/) ^ ||<J||a1-!-A4- The ideal IC{H) equipped with the uniform norm 
is an element from the class of so-called symmetric Banach operator ideals in B{H) and evidently 
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this example also suggests the statements of Questions 11.11 and 11.31 In the case of Schatten ideals 

1 1 
Cp{H) = {x G K,{H) : \\x\\p = tr(|x|P)p < oo}, where = (x*x)2,l < oo, somewhat similar 

problems concerning derivations from Cp{H) to Cr{H) were also considered in the work by E.Kissin 

and V.S.Shulman [13]. In particular, it is shown in [13] that every closed *-derivation 5 from Cp{H) 

to Cr{H) is implemented by a symmetric operator 5", in addition the domain D{6) of 5 is dense 

*-subalgebra in Cp{H). In our case, we have D{5) = Cp and it follows from our results that the 

derivation 5 is necessarily continuous and implemented by an operator a € B{H). 

It is also worth to mention that Hoffman's results in [8] were an extension of earlier results by 
J. W. Calkin [3] who considered the case when X = B{H). Recently, Calkin's and Hoffman's results 
were extended to the setting of general von Neumann algebras in [2] and, in the special setting when 
X = J , Questions 11.11 and 11.31 were also discussed in [l]. However, our methods in this paper are quite 
different from all the approaches applied in [21 [3l [HI [13] . 

As a corollary of solving Questions 11.11 and 11.31 iii Theorem 13.61 we present a description of all 
derivations 5 acting from a symmetric quasi-Banach ideal X into a symmetric quasi-Banach ideal J. 
Indeed, every such derivation 5 is an inner derivation 6{-) = 6a{-) = [«,■]) where a is some operator 
from J -dual space J -.X oiX. Recall that J) = J :X-\- CI [8], where 1 is the identity operator 
in B{H). Theorem 13.61 gives a complete answer to Question 11.21 In particular, using the equality 
Cr-:Cp = Cg,0<r<p<oo,| = i — iwe recover Hoffman's result that any derivation (5 : Cp — )• 
has a form 5 = 5a for some a € Cq. If < p ^ r < oo, then D{Cp, Cr) = 13(H). 

When X, J are arbitrary symmetric quasi-Banach ideals of compact operators and X C then 
J -.X = B{H), and, in this case, a linear operator 5: X J' is a derivation if and only ii 5 = 5a for 
some a € B{H). However, if I ^ ^7, then to obtain a complete description of ^/-essential commutant 
of X we need a procedure of finding J : X. 

To this end, we use the classical Calkin's correspondence between two-sided ideals X of compact 
operators and rearrangement invariant solid sequence subspaces Ex of the space cq of null sequences. 
The meaning of this correspondence is the following. Take a compact operator x € X and consider a 
sequence of eigenvalues {Xn{x)}^^i £ cq. For each sequence ^ = {^„} S cq, let ^* = denote a 

decreasing rearrangement of the sequence |^| = {|Cn|}J^Li- The set 

Ei := {{e„}Jf=i G CO : {C}^^, = {A:(|x|)}- ^ for some x G X}, 

is a solid linear subspace in the Banach lattice cq. In addition, the space Ex is rearrangement invariant, 
that is if 7? G cq,(, G Ex,rj* = then 7] G Ex- Conversely, if is a rearrangement invariant solid 
sequence subspace in cq, then 

CE = {xe K{H) : {A„(|x|)}- 1 G E} 

is a two-sided ideal of compact operators from B{H). 

For the proof of the following theorem we refer to Calkin's original paper, [3], and to B. Simon's 
book, ([20], Theorem 2.5). 

Theorem 1.4. The correspondence X o Ex is a bijection between rearrangement invariant solid 
spaces in cq and two-sided ideals of compact operators. 

In the recent paper [11] this correspondence has been extended to symmetric quasi-Banach (Banach) 
ideals and p-convex symmetric quasi-Banach (Banach) sequence spaces. We use the notation || • \\b(h) 
and II • I loo to denote the uniform norm on B{H) and on /qo respectively. 

Recall, that a two-sided ideal X of compact operators from B{H) is said to be symmetric quasi- 
Banach (Banach) ideal if it is equipped with a complete quasi-norm (respectively, norm) || • ||i such 
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that 

||ax6||x ^ ||a||B(/f)lk||i||6||B(H)> x £l,a,be B{H). 
A symmetric sequence space E' C cq is a rearrangement invariant solid sequence space equipped with 
a complete quasi- norm (respectively, norm) || • ||^ such that \\ri\\E < W^We for every ^ £ E and r] £ cq 
such that r]* ^ 

It is clear that if (X, || • ||x) is a symmetric quasi-Banach ideal of compact operators, x € X and 
y € B{H) is such that {Xn{\y\)}n=i ^ {^n(kl)}^=i, then y € X and < ||a;||i. In Theorem [33] 

we show that if Ej is a symmetric space in cq corresponding to symmetric quasi-Banach ideal X, then 
setting IICIIei := II^^Hi (where x € X is such that ^* = {A* (|x|)}^;^) we obtain that {Ex, \\ • \\ex) is a 
symmetric quasi-Banach sequence space. The converse implication is much harder 

Theorem 1.5. If{E, \\ ■ \\e) is a symmetric Banach (respectively, p-convex symmetric quasi-Banach) 
sequence space in cq, then Ce equipped with the norm 

\\A\c,--= \\{K{\A)}n=l\\E 
is a symmetric Banach (respectively, p-convex quasi-Banach) ideal of compact operators from B{H). 

In [6] it was shown that for J = Ci \s the trace class and an arbitrary two-sided ideal X with 
Ci C X C IC{H) the Ci-dual space (also sometimes called the Kothe dual) X^ := Ci : X of X is 
precisely an ideal corresponding to symmetric sequence space h : Ex, where h : Ex is /i-dual space of 
Ex (see precise definitions in section 4). If X is a symmetric Banach ideal of compact operators, then 
Ci-dual space X^ is symmetric Banach ideal of compact operator and norms on Ci : X and Ci^Ex 
are equal [3]. We extend these results to arbitrary symmetric quasi-Banach ideals X, ^ of compact 
operators with T J , that allows to describe completely all derivations from one symmetric quasi- 
Banach ideal to another. In addition, we use the technique of J-dnal spaces in order to obtain the 
estimation H^allx^j" ^ 2||a||j':X for an arbitrary derivation b = ba'- ^ J ,a £ J :X. This result 
extends a well-known estimation H^allx-^Ai ^ 2||a||g(//), a S B{H) obtained by L.Zsido [22] for a 
derivation ba acting in an arbitrary von Neumann algebra A4 C B{H). 

2. Preliminaries 

Let H be an infinite-dimensional Hilbert space over the field C of complex numbers and B{H) be 
the C*-algebra of all bounded linear operators on H. Set 

Bh{H) = {x£ B{H) : x* = x}, 

B+{H) = {xe Bh{H) -.yipeH (x((^), if) ^ o}, 

r{H) = {pe B{H) :p = p^ = p*}. 

It is well known ([9], Ch. 2, §4) that B+{H) is a proper cone in Bh{H) and with the partial order given 
hy x^y-^y — x & B+{H) the set Bh{H) is a partially ordered vector space over the field M of real 
numbers, satisfying y*xy ^ for all y G B{H),x G Bj^{H). Note, that — ||x||g(j:/)l ^ x ^ 
for all X E Bh{H). It is known (see e.g. [9], Ch.4, §2, Proposition 4.2.3) that every operator x in 
Bh{H) can be uniquely written as follows: x = x+ — x_, where x+,x_ G Bj^{H) and x+x_ = 0. In 
addition, every operator x € B{H) can be represented I, where |x| = (x*x)2 and n is a 

partial isometry in B{H) such that u*u is the right support of x ([IZ]) Ch. VI, §5, Theorem VI. 10). 
We need the following useful proposition. 

Proposition 2.1. /"[IGj. Ch. 2, §/^, Proposition 2.4-3) If x,y € B^{H),x ^ y, then there exists an 
operator a € B{H) such that ||a||B(_f/) ^ 1 and x = a*ya. 
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Let IC{H) be a two-sided ideal in 13(H) of all compact operators and x G JC{H). The eigenvalues 
{A.„(|x|)}^^ of the operator |x| arranged in decreasing order and repeated according to algebraic 
multiplicity are called singular values of the operator x, i.e. Sn{x) = Xn{\x\),n G N, where Ai(|x|) ^ 
A2(|a;|) ^ . . . and N is the set of all natural numbers. We need the following properties of singular 
values. 

Proposition 2.2. f|7], Ch.II ) a) Sn{x) = s„(x*), s„(ax) = |a|s„(x) for all x € IC{H),a S C; 
b) Sn{xb) ^ Sn{x)\\b\\Q(^H)^ Sn{bx) < Sn(a;) for all X e ]C{H),b G B{H). 

Let J~{H) be a two-sided ideal in B{H) of all operators with finite range and let X be an arbi- 
trary proper two-sided ideal in B{H). Then Z is a *-ideal ([9], Ch.6, §8, Proposition 6.8.9) and the 
following inclusion holds: J'{H) ^ Z ([9], Ch.6, §8, Theorem 6.8.3), in particular, X contains all finite- 
dimensional projections from V{H). If is a separable Hilbert space, then the converse inclusion 
X C JC{H) also holds ([3], Theorem 1.4). If, however, H is not separable, then for proper two-sided 
ideals in B{H) we have the following proposition. 

Proposition 2.3. f]6], Proposition 1) (i) T> = {x ^ B{H) : x{H) is separable } is a proper two-sided 
ideal in B{H), in addition KL{H) C T); 

(a) IfX is an ideal in B{H), then either X C IC{H) or V (^X. 

Let X be a linear space over the field C. A function || • || from X to M is a quasi-norm, if for all 
x,y & X,a G C the following properties hold: 

1) ||x|| ^ 0, ||x|| = x = 0; 

2) ||ax|| = |a|||x||; 

3) \\x + y\\i^Ci\\x\\ + \\y\\),C^l; 

The couple {X, || • ||) is a quasi- normed space and the least of all constants C satisfying the inequality 
3) above is called the modulus of concavity of the quasi-norm || • ||. 

It is known (see e.g. [10], §1) that for each quasi-norm || • || on X there exists an equivalent p-additive 
quasi-norm ||| • |||, that is a quasi-norm ||| • ||| on X satisfying the following property of p-additivity: 
IIf + y\\v ^ IIf llr + III yWv^ where p is such that C = 2p , in particular, < p ^ 1 since C ^ 1. In 
this case, the function d : X'^ — > M defined by d{x, y) := \\\x — y\\\^, x,y ^ X is an invariant metric on 
X, and in the topology t^, generated by the metric d, the linear space X is a topological vector space. 
If {X, d) is a complete metric space, then (X, || • ||) is called a quasi-Banach space and the quasi-norm 
II • II is a complete quasi-norm; in this case, (X, r^) is an i^-space. 

Proposition 2.4. Let (X, || • ||) be a quasi-Banach space with the modulus of concavity C , let \\\ ■ \\\ 

be a p-additive quasi-norm equivalent to the quasi-norm || • ||,C = 2p . If x^ & X, n > 1 and 

oo oo 

X] Ill^nlP < then the series Yl converges in (X, || • ||), i.e. there exists x £ X such that 

n=l 71=1 
k 

\\x — ^n||— ^ for k OO. 

n=l 

k 

Proof. For partial sums = X] x„ we have 

n=l 

k+l k+l 

d{Sk+hSk) = \\\Sk+i- SkW = \\\ ^ x„|||P ^ ^ |||x„|||P ^ for /c,/ oo, 

n=l+l n=l+l 

i.e. {Sk}'kLi is a Cauchy sequence in (X, d). Since the metric space (X, d) is complete, there exists 
X G X such that d{Sk,x) = \\\Sk — x\\\^ for k -+ oo. Since quasi-norms || • || and ||| • ||| are equivalent 
we have that \\Sk — x|| — > for k — )• oo. □ 
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Let {X, II • \\x), (y, II • ||y) be quasi-normed spaces and B{X,Y) be the linear space of all bounded 
linear mappings T : X ^ Y. For each T G B{X,Y) set ||T||g(xy) = sup{||T2;||y : ||x|| ^ 1}. As in 
the case of normed spaces, the set B{X, Y) coincides with the set of all continuous linear mappings 
from X to Y, moreover, the function || • ||i3(x,y) ^ ^i^^Y) — > M is a quasi-norm on B{X,Y) whose 
modulus of concavity, does not exceed the modulus of concavity of the quasi-norm || • ||y . Furthermore, 
||Tx||y ^ ||r||B(x,y)||x||x for all T G B{X,Y) and xeX. 

Proposition 2.5. If {Y, \\ ■ ||y) is a quasi-Banach space, then {B{X,Y), \\ ■ ||i3(x,y)) i quasi-Banach 
space too. 

Proof. Since || • ||y is a quasi-norm on Y, there exists a p-additive quasi-norm ||| • |||y equivalent to 
II • ||y, i.e. ai III uIWy ^ WvWy ^ Pi III uIWy for all y G y and some constants ai,/3i > 0. Similarly, there 
exists a g-additive quasi-norm ||| • |||i3(x,y) equivalent to the quasi-norm || • ||B(x,y)) i-e- 02 ||| r|||B(x,y) ^ 
\\T\\b(x,y) ^ III T\\\b{x,y) for all T G B{X, Y) and some 02, /32 > 0, < g 1. 

Let {r„}5^]^ be a Cauchy sequence in {B{X, Y),d), where d{T, S) = HI?"— 'S'lH^^j^ y)i'^-'S ^ Y). 
Fix e > and select a positive integer n(e) such that |||T„ — ^^m lllg^j^^ y) < e"^ for all n,m^ n{e). For 
every x G X we have 

III TnX Tm^; III y ^ 112^712^ T^m^^ II y ^ II -^'^ "^"^ IIb(X Y) 11"^ IIx ^ 



^ (o^) III ~ llls(x,y) ll^llx < (^^^ ||x||^e^' for n,m ^ n(e). 



Thus, {Tnx}'^^^ is a Cauchy sequence in [Y, dy), where dy (x, y) = \\\x — y|||y. Since the metric space 
(y, dy) is complete, there exists T(x) G y such that |||r„(x)— T(2;)|||y — > for n — >■ oo. The verification 
that T G B{X,Y) and |||T„ — ^^lllg^^y) ~^ ^ ?i ^ oo is routine and is therefore omitted. □ 

Let Z be a nonzero two-sided ideal in B{H). 

A quasi-norm || • ||x : X ^> M is called symmetric quasi-norm if 

1) ||ax6||x < ||a||B(/f)l|2;||l||&||B(H) for ah x Gl,a,b e B{H); 

2) IIpIIx = 1 for any one-dimensional projection p ^X. 

Proposition 2.6. Let \\ ■ \\x he a symmetric quasi-norm on two-sided ideal T. Then 
0-) = \\x* III = II |x| 11^- for all x G I; 

b) If X £ Z C JC{II),y G /C(-ff), Sn{y) ^ Sn{x),n = 1,2, ... , then y G Z and \\y\\x ^ ||2;||i; 

c) IfZ C 1C{H), then \\x\\j3(^H) ^ ||a^||x fo""" M x G Z. 

Proof, a) Let x = u\x\ be the polar decomposition of the operator x. Then ||3;||j = ||n|x|||i ^ HlxlH^-. 
Since u*x = \x\, the inequality |||3;|||j^ ll^^llx holds and so |||2;|||2;= ||a;||x- Using the equalities 
X* = \x\u*,x*u = \x\ in the same manner, we obtain that |||x|||^= ||x*||x. 

b) Since x,y are compact operators and s„(?/) ^ s„(a;) we have Sn{y) = a„s„(x), where ^ a„ ^ 
l,n G N. By Hilbert-Schmidt theorem, there exists an orthogonal system of eigenvectors {ipn}^=i for 

oo 

the operator |y| such that \y\{(p) = Yl Sniy)cn(pn, where c„ = {ip,(pn),f G H. Since = a„s„(x), 

n=l 

it follows that card{(^„} ^ card{^/^„}, where {ipn}^=i is an orthogonal system of eigenvectors for the 
operator \x\. Thus, there exists a unitary operator u G B{II) such that u{tpri) = Vn, in addition, 

ti|2;|u~"^ ^ |y|. 

By Proposition 12. 11 there exists an operator a G B{H) with ||a||B(i^) ^ 1 such that |y| = a*u\x\u~^a. 
Consequently, |y| G Z and |||y|||j^ || |x| ||^, thus y G Z and ||y||j ^ ll^^llx- 
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c) Let y(-) = si{x){-,ip)ip, where is an arbitrary vector in H with \\ip\\H = 1- Whereas s„(y) ^ 
Sn{x), we have = si{x) = \\y\\B{H) = WvWx ^ (see b)). □ 

A two-sided ideal I of compact operators from B{H) is called a symmetric quasi-Banach (respec- 
tively, Banach) ideal, if X is equipped with a complete symmetric quasi-norm (respectively, norm). 

Let X, J be two-sided ideals of compact operators from B{H). A linear mapping 5 :X ^ J \s called 
a derivation, if 5{xy) = S{x)y + x6{y) for all x,y £ I. If, in addition, 5{x*) = {5{x))* for all x € I, 
then 6 is called a ^-derivation. 

For each derivation 5 : 1 ^ J define mappings 6^c{x) := '^(^)+^(^ ) ^^d 6imix) ■= ) ^ x G I. 

It is easy to see that (5rc and Jim are *-derivations from X to J, moreover 5 = (5rc + ^^im- 

If a E 'B(H), then the mapping 5a ■ S{H) — t- B{H) given by 5a{x) := [a,x\ = ax — xa, x G B{H), 
is a derivation. Derivations of this type are called inner. When X is a two-sided ideal in B{H), then 
5a (X) C X for all a G B{H). If J" is also a two-sided ideal in B{H) and a G J', then (5a (X) C X n JT". 

3. The set Der(X, J) for symmetric quasi-Banach ideals X and 
The following theorem gives a positive answer to question 11.31 

Theorem 3.1. Let X, J' be symmetric quasi-Banach ideals of compact operators from B{H) and 5 is 
a derivation from X to J . Then 5 is a continuous mapping from X to J , i.e. 5 G B(X, J). 

Proof Without loss of generality we may assume that (5 is a ^-derivation. The spaces (X, || • \\x), (JT", || • 
\\j) are -F-spaces, and therefore it is sufficient to prove that the graph of 5 is closed. Suppose a contrary, 
that is there exists a sequence {xn}'!^=i C X such that || • lim x„ = and || • || j7 — lim (5(x„) = x ^ 0. 



n— >oo 



Since Xn = Kexn + ilmxn for all n G N, where Kexn = , Imxn = ^"r,^" , and llxnllj 



0, ll^^J^lli = ll^^nllx 0, we have 

WRexnWx 

and 



Xfi -\- x^ 



\Imx. 



n\\I 



Xr, 



^ g(||x„||j+ iKiii) 



C{\\Xn\\x+\\x*Jx) 



where C is the modulus of concavity of the quasi-norm || • Consequently, we may assume that 
X* = Xn for all n G N. In this case, from the relationships 

X -J-^ biXn) = (5(x*) = 5(Xn)* ^^-^ X*, 

we obtain x = x*. 

Writing x = x+ — x_, where x_|_, x_ ^ and x+x_ = 0, we may assume that x+ ^ 0, otherwise we 
consider the sequence {— x„}^^. Since x+ is a nonzero positive compact operator, A = ||x+||g(j:/) is 
an eigenvalue of x_|_ corresponding to a finite-dimensional eigensubspace. Let g be a projection onto 
this subspace. 

Fix an arbitrary non-zero vector Lp G Q'(-ff) and consider the projection p onto the one-dimensional 
subspace spanned by 99. Combining the inequality p ^ q with the equality qx^q = Xq, we obtain 
pxp = pqxqp = Xpqp = Xp. Replacing, if necessary, the sequence {xn}^=i with the sequence 
we may assume 



(1) 



pxp = p. 
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Since p is one-dimensional, it follows that pap = ap, q € C for any operator a € 13{H), in particular, 
pXnP = oinP, therefore |q„| = — )■ for n — > oo. Writing 

¥{p)XnP\\j ^ ¥{p)\\j\\XnP\\B{H) ^ ¥{p)\\j\\^n\\B{H) < ||^ H^^n ||x, 

we infer \\5{p)^nP\\j and \\pxn6{p)\\j = \\{S{p)xnP)*\\j 0. 
Since pxp = p £ J', we have 

\\6{pXnP) -pxp\\j = \\5{p)XnP + p5{Xn)p + pXn5{p) - pxp\\j ^ 

^ C\\5{p)XnP + pXnd{p)\\j + C\\p5{Xn)p - pxp\\j < 

^ C^\\6{p)XnP\\j + C^\\pXn6{p)\\j + C\\p6{Xn)p " pxp\\j ^ 0, 

i.e. 6{pxnp) ^-^^ pxp. Hence 

p^pxp = II • \\j - lim 5{pxnp) = II • \\j - lim (5(a„p) = || • ||^ - lim a„(5(p) = 0, 

which is a contradiction, since p 7^ 0. 

Consequently, 5 is a continuous mapping from (X, || • ||i) to {J , \\ ■ □ 

Note, that in ([1], Theorem 7) a version of Theorem 13.11 is obtained for the case of an arbitrary 
symmetric Banach ideal X = J m. a. properly infinite von Neumann algebra M. 
The following theorem gives a positive answer to Question 11.11 

Theorem 3.2. IfX^J are symmetric quasi-Banach ideals of compact operators from B{H), then for 
every derivation b :X ^ J there exists an operator a E 13(H) such that 6{-) = 5a{-) = [a,-], in 
addition, ||a||B(//) ^ ||'^||b(z,j') ctnd ax £ J for all x G I. 

Proof. Fix an arbitrary vector ipQ £ H with ||v7o||/i' = 1 and consider projection po{ ) := (•, (^o)v5o onto 
one-dimensional subspace spanned by ipQ. Obviously, po S Xn JT". 
Let X G X, x((/3o) = and ip € H. Since 

xpo{ip) = x{po{ip)) = x{{ip,ipo)ipo)= {ip,(po)x{ipo) = 0, 

it follows that xpQ = 0, and so 6{xpo){ipo) = 0. Consequently, the linear operator 0(2(990)) = ^{zpo){^o) 
is correctly defined on the linear subspace L := {z{ipo) : z gX} C H. If 93 G H,z{-) = (•,930)92, then 
z (zX and z{(Pq) = 99, which implies L = H. The definition of the operator a immediately implies that 
ax ^ J for all x G X. 

For arbitrary z G 13(H), 99 G we have 

\zPo\^{v) = {Poz* zpo){(p) = {poZ*z){{ip,ipo)ipo) = {(p,ipo)po{z*z{ipo)) = 

= (.zipo,zipo){(p,(po)y^o = {zm,zm)po{y^) = \\z(.y^o)\\HPo{^), 

in particular, \\zpo\\jB(^H) = \\\^Po\\\is{h)^ || lk(v2o)lkPo||g(j:^)= \\z{(Po)\\h- Applying this observation 
together with Theorem 13.11 guaranteing ||5(x)||j7 ^ ll'5|le(x,j') ll^llx all x G X, we have 

\Hx{(Po))\\h = ||5(xpo)(<^o)lk = \\HxPo)po\\b{H) ^ ¥{xPo)\\b(H)\\po\\b(H) ^ 
^ ¥{xPo)\\j ^ ¥\\Bii,j)\\xPo\\i ^ 

^ MBiX,J)\\Poh\\xpo\\i3{H) = MBiI,J)\\x(.^o)\\H- 

This shows that a is a bounded operator on H and ||a||g(/^) ^ II'^IIb{x,J')- 
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Finally, for all x,z € I we have 

[a, x]{z{ipo)) = ax{z{ipo)) - xa{z{ipo)) = a{xz{ipo)) - xa{z{ipo)) = 

= 6{xzpo){ipo) - x6{zpo){ipo) = 5{x)zpo{ipo) = 6{x)z{ipo) 
and since L = H, it follows 6{-) = [a, ■] = Sa{-)- O 
Let I, J be arbitrary two-sided ideals in B{H). The set 

D{I, J) = {ae B{H) : ax-xaej, Vx G 1} 
is called the jT'-essential commutant of I, and the set 

J ■.I={ae B{H) : ax^J, Vx G Z} 

is called the J'-dual space of X. It is clear that J' : Z is a two-sided ideal in B{H), in particular, xa ^ J 
for all x G Z, a G JT" : X . liX J , then 1 ^ J -.Z, i.e. J -.Z ^ B{H), and so J' : X is a proper ideal 
in B{H). However, in the case when Z Q J' we have J' : Z = B{H), in particular, Cr '■ Cp = B{H) 
for all < p ^ r, where Cp = {x G K,{H) : ||x||p = (tr(|x|P)) < oo} is the Schatten ideal of compact 
operators from B{H), < p < oo, tr is the standart trace on B^{H). 

Proposition 3.3. IfZ,J are proper two-sided ideals of compact operators in B{H) andZ ^ J', then 
J:ZclC{H). 

Proof. Since Z <^ J', J' : Z is a proper two-sided ideal in B{H). If if is a separable Hilbert space, then 
J -.Z d IC{H) ([3], Theorem 1.4). Suppose that H is not separable and J' : Z ^ K,{H). By Proposition 
12.31 the proper two-sided ideal P = {x G B{H) : x{H) is separable } C : Z. Since Z J there 
exists a positive compact operator a ^ Z \ J . Since a £ V, we have that L := a{H) is separable. Let 
p G V{H) be the orthogonal projection onto L. Since a ^ J , it follows that L is infinite-dimensional 
subspace. Indeed, if it were not the case, then a would be a finite rank operator and automatically 
belonging to a G ^7. Therefore p G "D \ fC{H) C ^7 : X, in addition, ^ a = pap G (pZp) \ (pj^p), i.e. 
pZp ^ pJ^p- Since L is a separable Hilbert space, we have {pjp) : {pZp) C K,{L). 

Let y G pZp, i.e. y = py'p for some y' G X. Since p £ V d J :Z we have py' G J , hence, 
p{py')p £ pJ^P- Consequently, p G {pJp) ■ (pZp), i.e. p is a compact operator in L, which is a 
contradiction. Thus, JT" : X C 1C{H). □ 

For arbitrary two-sided ideals X, J in B{H) we denote by d{Z, J') the set of all derivations 6 from 
B{H) to B{H) such that 6{Z) C J. Obviously, d{Z,J) C Der{Z,J). To characterize the set d{Z,J) 
we need the following theorem. 

Theorem 3.4. Theorem 1.1) D{Z, J) = J : Z + CI. 

It should be noted that Theorem 13.41 holds for arbitrary von Neumann algebras, i.e. for any two- 
sided ideals X, J in von Neumann algebra A4 we have D{Z, J^) = : Z + Z{Ai), where Z{M) is the 
center of Al([2], Corollary 5). 

Proposition 3.5. d{Z,J) = {<5„ : a g D{Z,J)}. 

Proof. Let 5a{-) = [a,-] be inner derivation on B{H) generated by the operator a G D{Z,J'). For all 
X G X we have 6a{x) = [a, x] = ax — xa G J', i.e. 5a G d{Z, J'). 

Conversely, let 5 G d{Z,J'). Since (5 is a derivation from B{H) to B{H) there exists an operator 
a G B{H) such that 6 = 5a. If x G X, then [a, x] = 5{x) G J, i.e. a G D{Z, J). □ 
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Now, let X^J be arbitrary symmetric quasi-Banach ideals of compact operators from B{H). Ac- 
cording to Theorem [321 ^^r each derivation 6 € Der{I,J') there exists an operator a G 13(H) such 
that S{x) = 5a{x) = [a, x] and ax £ J' for all x G I, i.e. a G J -.X. Since a G J -.Xwe have 5 € J) 
(see Theorem 13. 4p . Thus Der{X, J) = d{X, J') for any symmetric quasi-Banach ideals X, J of compact 
operators. Conversely, if a S ^7 : Z, then a € J) (see Theorem 13. 4p . consequently € Der(X, J') 
(see Proposition 13. 5p . 

Hence, the following theorem holds. 

Theorem 3.6. For arbitrary symmetric quasi-Banach ideals X, J of compact operators in B{H) each 
derivation 6 : X —)■ J has a form 5 = 5a for some a :X, in addition |la||g(j7) ^ ll'^a|lB(i,j')- 

Conversely, 6a S Der(I, J') for all a G J : X. 

If < r < p < DO, then we have Cr ■ Cp = Cq, where | = ^ — | (|H]) Proposition 5.6). Therefore, 
the following corollary follows immediately from Theorem 13. 6i 

Corollary 3.7. IfO<p^r< oo, then the mapping 6 : Cp — y Cr is a derivation if and only if 6 — 6a 
for some a € B{H). If < r < p < oo, then the mapping 6 : Cp Cr is a derivation if and only if 
6 = 6a for some a G Cq, where | = ^ — |- 

4. The J-dval space of X for symmetric quasi-Banach ideals X and J 

In this section we show that any symmetric quasi-Banach ideal (I, || • ||x) of compact operators from 
B{H) has a form of X = Ce^ with the quasi-norm || • \\x = \\ ■ \\cej^ ^ special symmetric quasi- 
Banach sequence space {Ex, \\ ■ \\ex) in cq constructed by X with the help of Calkin correspondence. 
The equality J -.X = Cej-.Ex established in this section provides a full description of all derivations 
6 G Der(X, J') in terms of E'j'-dual space Ej : Ex of Ex of symmetric quasi-Banach sequence spaces 
Ex and Ej in cq. 

A quasi-Banach lattice is a vector lattice with a complete quasi-norm || • H^;, such that \\a\\E ^ \\b\\E 
whenever a,b G E and \a\ ^ In this case, |||o|||£;= IWWe for all a € -E and the lattice operations 
a V 6 and a A 6 are continuous in the topology Td, generated by the metric d{a,b) = \\\a — 
where ||| • jH^; is a p- additive quasi-norm equivalent to the quasi-norm || • H^;. Consequently, the set 
E^ = {a £ E : a 0} is closed in {E,Td)- Thus, for any increasing sequence {ofclfcLi C E converging 

in the topology to some a £ E, we have a = supa^ ([E], Ch.V,§4). 

fc>i 

A sequence {a„}J^^ from a vector lattice E is said to be (r)-convergent to a £ E (notation: 

(r) 

o„ — > a) with the regulator b G E^, if and only if there exists a sequence of positive numbers en i 
such that |a„, — a| ^ e„6 for all n G N (see e.g. [21], Ch.III, §11). 

(r) 

Observe, that in any quasi-Banach lattice {E,\\ ■ \\e) it follows from a„ — > a, an, a G E that 
\\an - a\\E 0. 

The following proposition is a quasi-Banach version of the well-known criterion of sequential con- 
vergence in Banach lattices. 

Proposition 4.1. (compare [21], Ch. VII, Theorem VII. 2.1) Let {E, \\ ■ \\e) be a quasi-Banach lattice, 
a, an G E. The following conditions are equivalent: 

(i) ||a„, — a\\E —5- for n — > oo; 

(r) 

(ii) for any subsequence an,, there exists a subsequence an^^ such that an^.^ — > a. 
Proof. Without loss of generality we may assume that a = 0. 
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(i) =^ (a) For an equivalent p-additive quasi-norm ||| • \\\e we have ||| |a„| — for n — >• oo. 
Hence, we may choose an increasing sequence of positive integers ni < n2 < • • • < < . . . such that 
III l^^^fel lir ^ ■p'- The estimate 

oo ^ oo oo ^ 

XI P'^i^^Jiii^ = Z]^ III i^'^fei 111^ ^ < 

k=l k=l k=l 
oo I 

shows that the series ^''I'^nfel converges in (£', || • H^;) to some b E (see Proposition 12. 4p and 

k=l 

n I 1 

therefore there exists b = sup Yl ^''knfcl such that we also have kp\anf,\ ^ b for all G N. In 

n>l k=l 

_l ... (r) 

particular, \ank \ ^ ^ which immediately implies On^. — > 0. The same reasoning may be repeated 
for any subsequence {orn-lfcLi- 

The proof of the implication (ii) =^ (i) is the verbatim repetition of the analogous result for Banach 
lattices ([21], Ch. VII, Theorem VII.2.1). □ 

Let Li(0, oo) be the Banach space of all integrable functions on (0, oo) with the norm ||/||i := 

oo 

f \f\dm and Loo(0, oo) be the Banach space of all essentially bounded measurable functions on (0, oo) 



with the norm ||/||oo := esssup{|/(t)| : < t < oo}). For each / G Li{0, oo) + Loo(0, oo) we define the 
decreasing rearrangement /* of / by setting 

nt) := inf{s > : m({|/| > s}) ^t},t> 0. 

The function f*{t) is equimeasurable with |/|, in particular, /* € Li(0, oo) + Loo(0,oo) and f*{t) is 
non-increasing and right-continuous. 

We need the following properties of decreasing rearrangements (see e.g. [H], Ch.II, §2). 

Proposition 4.2. Let /, 5 € Li(0, oo) -|- Loo(0, oo). We have 

(i) if\f\ ^ \g\, then f* ^ g* ; 

(ii) (af)* = \a\f* for all a € M; 

(in) if f e Loo(0, 00), then (fg)* ^ ||/|| 

005 )' 

(iv) {f + 9nt + s)^f*{t)+g*{s); 

(v) iffg € Li(0, 00) + Loo(0, 00), then {fgY{t + s) ^ f*{t)g*{s). 

Let /oo be the Banach lattice of all bounded real-valued sequences ^ := {CnjJ^Li equipped with the 

00 

norm ||^||oo = sup For each ^ = {Cn}^i € ^oo the function f^{t) := Y CnX[n-i,n){t),t > is con- 

n>l n=l 



tained in Loo(0, 00). For the decreasing rearrangement f^ , we obviously have f^{t) — Y2 CnX[n— i,n) 

it),t> 

n=l 

0, where ^* := {£,n}^=i is the decreasing rearrangement of the sequence {||n|}5^Li- By Proposition 14.21 
(i),(ii) we have S,* ^ t]* for € loo with |^1 ^ |?/|, and (a^)* = \a\C , a G K. 

A linear subspace {0} 7^ C /oo is said to be solid rearrangement-invariant, if for every ij & E 
and every ^ G /oo the assumption ^* ^ r]* implies that ^ ^ E. Every solid rearrangement-invariant 
space E contains the space cqo of all finitely supported sequences from cq. If contains an element 
{?n}5^i ^ Co, then E = /oo- Thus, for any solid rearrangement-invariant space E ^ l^o the embeddings 
Coo C S C Co hold. 

A solid rearrangement-invariant space E equipped with a complete quasi-norm (norm) || • \\e is 
called symmetric quasi-Banach (Banach) sequence space, if 

1) UWe ^ WvWe, provided ^ =^ G E- 

2) ||{l,0,0,...}||i, = L 
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The inequality Ha^Hs ^ ||o||oo||Cll-B foi' all a € loo,C € E immediately follows from Proposition 14.21 
(iii). In particular, E = l^o, then the norm || ■ H^; is equivalent to || • ||oo; for example, this is the case 
for any Lorentz space {l^, \\ ■ |[^), where '0: [0, oo) — ?• M is an arbitrary nonnegative increasing concave 
function with the properties ^(0) = 0,ip{+0) ^ 0, lim ip{t) < oo (see details in [M], Ch.II, §5). 

The spaces (cq, || • Hoo), (^p, || • \\p), 1 ^ p < oo (respectively, (/p, || • ||j,) for < p < 1), where 

oo 

Ip = {m^=l G CO : \\{Xn}\\p = {J2 lenr)'< oo} 

n=l 

are examples of the classical symmetric Banach (respectively, quasi-Banach) sequence spaces in cq. 

Let {E, II • \\e) be a symmetric quasi-Banach sequence space. For every ^ = {Cn}^=i € -E,m € N, 
we set 

0"m(0 = iCl, ■ ■ ■ ,Cl,C2, ■ ■ ■ ,^2, ■ ■ ■), 
^ V ' ^ V ' 

m times m times 
r?« = (6, 0^_^ ,^2, 0^_^ ,...), 
m — 1 times m — 1 times 
r?(2) = (0,a, 0^_^ ,0,6, 0^_^ ,...), 
m — 2 times m — 2 times 

7?("^) = ( o_o ,6, o^_^ ,6,...)- 

m — 1 times m — 1 times 
Since (r/^))* = (r^^^))* = ... = (r^M)* = ^* ^ E, it follows . . . ,r]^"'^ G E. Consequently, 
'^m(0 = V^^^ + ^^^^ + ■ ■ ■ + € E, i.e. o"m is a linear operator from E to E. In addition, we have 
lkm(Olb = ||??W + + lb ^ C(||r/«|b + ||r/(2) +r?(3) + ... + 77M||g) ^ c{U^^\\e + 

lb + Ih^^^ + ■ ■ ■ + lb)) ^ (C + ^2 ^ • • • + C'^-^)\\i\\E, where C is the modulus of concavity 
of the quasi- norm || • H^;, in particular HcmllBCE.S) ^ C + C"^ + ■ ■ ■ + C""~^ for all m € N. 

Proposition 4.3. The inequalities 

hold for all ^ = {Cn}^=i, r/ = {r]n}n=i ^ ^oo- 

oo 

Proof. Since /^+^(t) = E (^n + r]n)X[n-i,n)it) = /?(*) + fvii)^t > we have by Proposition g^] (iv) 

n=l 

that 



J2(^n + r/„)*X[n-i,„)(2t) = /|+,(2t) = (/€ + /,)*(2t) ^ 

oo oo 

^ fiit) + f;{t) = J^(C + <)X[„-l,n)(i) = E(^2(r + r,*))nXln^l,n)m 
n=l n=l 

for all t > 0, where {(cT2(r + ??*))n}^=i = cr2(r + V*)- In other words, (^ 77)* ^ o-2(r + ??*)• The 
proof of the inequality {^rj)* ^ o"2(C*^*) is very similar (one needs to use Proposition 14.21 (v)) and is 
therefore omitted. □ 

For a symmetric quasi-Banach sequence space {E, \\ • H^;), we set 

Ce := {x G }C{H) : {s„(x)}^i G E}, \\x\\ce ■= \\sn{x)\\E,x G Ce- 
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If E = Ip (respectively, E = cq) then Ci^ = Cp,\\ ■ ||c,^ = || • ||cp)0 < p < oo (respectively, 
Ceo = ^{H), II ■ IIcq = II • \\b{H))- 

A quasi-Banach vector sublattice {E, \\ ■ \\e) in loo is said to be p-convex, < p < cx), if there is a 
constant M, so that 



n 1 n 

(2) ||(Ei-^i^)1L^^<E 

i=l i=l 



1 i 
i-WE j 



for every finite collection {xi}f^^ C i?, n S N. 

If the estimate ([2]) holds for elements from a symmetric quasi-Banach ideal (Z, || • ||x) of compact 
operators from B{H), then the ideal (Z, || • ||x) is said to be p-convex. As already stated in Theorem 1 1.51 
for every symmetric Banach (respectively, symmetric p-convex quasi-Banach, < p < oo) sequence 
space E in cq the couple {Ce, \\ ■ \\ce) ^ symmetric Banach (respectively, p-convex symmetric quasi- 
Banach) ideal of compact operators in B{H). 

Thus, for every symmetric Banach (p-convex quasi-Banach) sequence space {E, \\ ■ \\e) the corre- 
sponding symmetric Banach (p-convex quasi-Banach) ideal (C^;, || • \\ce) °f compact operators from 
B{H) is naturally constructed. This extends the classical Calkin correspondence [3]. 

Conversely, if (Z, || ■ ||j) is a symmetric quasi-Banach ideal (X, || • \\x) of compact operators from 
B{H), then it is of the form Ce with || • ||x = || • \\ce for the corresponding symmetric quasi-Banach 
sequence space {Ex, \\S,\\ei)- The definition of the latter space is given below. 

Denote by Ex the set of all ^ G cq, for which there exists some x £ I, such that ^* = {s„,(x)}J^^. 
For CeEx with e = {sn(x)}^^i, a; G I set UWe^ = Mx- 

Fix an orthonormal set {en}^^i in H and for every ^ = {(,n}^=i € cq consider the diagonal operator 

£ IC{H) defined as follows 

oo 

^^(V) = y^CnCn(v7)en, 
n=l 

where Cn{^) = {if,en),^p & H. If ^ G Ex, then ^* = {sn{x)}'^^i for some x £ I, and due to 
equalities {sn{x(*)}'^=i = {CIJ^i = {snix)}"^^-^ we have x^* G I and ||2;^*||i = ||x||x = \\S,\\ex ( see 
Proposition 12.61 b)). Moreover, since {•Sn(2;^)}5?Li = {•Sn(a^^*)}5^Li and x^* G X, it follows that G X 
and II'^IIei = lla^^lli- Thus, a sequence G cq is contained in Ex, if and only if operators x^ and x^* 
are in X, in addition, ||^||_Ex = = ll^clll- particular, if r/ G Co,C G Ex,r]* ^ then r] G i?x 

and Mej: ^ llClbi- 

Theorem 4.4. For any symmetric quasi-Banach ideal X of compact operators from B{H) the couple 
{Ex, ll'll-Ex) is a symmetric quasi-Banach sequence space in cq with the modulus of concavity which does 
not exceed the modulus of concavity of the quasi-norm \\ ■ \\x, in addition, Cex = ^ cind \\ ■ Wce^ ~ II ' ll^^- 

Proof. If ^, 7? G Ex, then xg, G X, hence x^ -|- x,, G X. Since 

oo oo oo 

(Xg + X^r,){^) = ^CnCn(v?)e„ + ^ ??nC„ (93)6^ = ^(■^n + ?7n)c„(9?)en = X^+^((^),(/9 G H, 
71=1 71=1 n=l 

we have xg+^ G X. Consequently, ^ -I- ?] G Ex, moreover, 

U + ^Ibi = lkc+»?llx = Ike + xrjWx ^ cdlxgiix llx^lli) = cdl^llij^ + WtjWei), 

where C is the modulus of concavity of the quasi-norm || • ||x. 
Now, let ^ G £'1, a G M. Since 



Xaiii^) = E «CnCn(V')en = aXi:{Lp), if £ H, 



n=l 
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we have G Ex and lla^ll^;^- = ||a;a^||i = ||qx^||x = |q||[x^||i = |a| 
It is easy to see that W^Wei ^ and W^Wex = ^ i = ^■ 

Hence, Ex is a sohd rearrangement-invariant subspace in cq and || • \\e-x is a quasi- norm on Ex- 
Let us show that {Ex, \\ ■ \\ex) is a quasi-Banach space. Let |j| • (respectively, ||| • \\\ex) be 

a p-additive (respectively, ^-additive) quasi-norm equivalent to the quasi-norm || • \\x (respectively, 

II • ll£;x)'0 < p,g ^ 1. 

Let = {£!n^}n=i e Ex and jHC^'^) - ^^^^^Wex ^ for ^ oo. Then \\\x^^k) - ^ for 

k,m ^ oo, i.e. x^(k) is a Cauchy sequence in (Z, di), where dx{x,y) = \\\x — y\\\x- Since {Z,dx) is a 
complete metric space, there exists an operator x G T such that |!|x^{fe) — ^ for /c — > oo. If 
is the one-dimensional projection onto subspace spanned by e^, then 

= PnXJk)Pm PnXPm, n ^ m. 

Hence, x is also a diagonal operator, i.e. x = x^, where ^ = {Xn}^=i- Since x € Z we have ^ S Ex, 
moreover, ||^(*^) — CIIe^- = W^^W — x^\\x for A; — > oo. 

Consequently, {Ex, || • H^j^-) is a symmetric quasi-Banach sequence space in cq. 

Now, let us show that Ce^ = ^ and Ha^UcBj. = ll^^llx for all x G I. Let x G Ce^, i.e. {sn{x)}^^i G Ex- 
Hence, there exists an operator y G I, such that Sn{x) = s„(y), n G N. Consequently, x G X, moreover, 
ll^^llx = l|{'Sn(2;)}5^i IIei = II^^IIcbj- • Conversely, if x G T, then {sn{x)}^^i G Ex and therefore 
X G Cex- □ 

The definition of symmetric Banach (p-convex quasi-Banach) ideal {Ce, || ■ ||cb ) of compact operators 
from B{H) jointly with Theorem 14.41 implies the following corollary: 

Corollary 4.5. Let {E, \\ ■ \\e) he a symmetric Banach (p-convex quasi-Banach) sequence space from 
Cq. Then Eq^ = E and \\ ■ \\ec^ = II ' ll-B 

Proof. If ^ G -E, then G Ce, and due to the equality {s„(xg*)}J^]^ = we have ^ G Ec^ and 
II'^IIecb ~ II^^'IIcb = llC*ll-B = W^We- The converse inclusion Eq^ C E may be proven similarly. □ 

Let G,F be solid rearrangement-invariant spaces in cq. It is easy to see that G and F are ideals in 
the algebra l^o, in particular, it follows from the assumptions |^| ^ |??|,C S /oo,^ G G that ^ G G, i.e. 
G and F are solid linear subspaces in l^o- We define F-dual space F : G of G by setting 

F : G = {e G /oo : (V?7 G G) ^r^^F}. 

It is clear that F : G is an ideal in containing cqo- If G C F, then F : G = /ooi in particular, 
loo '■ G = loo for any solid rearrangement-invariant space G. However, if G ^ F, then F : G ^ loo- 

Proposition 4.6. If F : G ^ loo, then F : G C cq. 

Proof. Suppose that there exists ^ = {6.n}^=i G (F : G),^ ^ cq. Let an = sign^n,?^ G N, = 
{r/nj^i G G. Obviously, {anr]n}'^=i G G and hence, \£,\ri = {£,nQ:n'>ln}'^=i G F for ah r] £ G, that is 
1^1 G (F : G),and, in addition, |^| ^ cq. This implies that there exists a subsequence ^ |^„j.| a > 
for k ^ oo. Consider a sequence r] = {r]k}^^i from l^o \ cq such that T]k = \^nk\ and show that 
?7 G F : G. 

For every C = {Cn}^=i £ G define the sequence = {onj^^i such that a„j, = Cfe and a„ = 0, if n 7^ 
nfc,/c G N. Since a*^ = (*, we have a^; G G, and therefore r/C = {|^njCfc}^i = {|^n|an}^i = \C\a(; G F 
for all C G G. Consequently, r/ = {77n}.^i £ F : G, moreover, r]n ^ a for some a > and all n G N. 



14 



A. F. BER, V. I. CHILIN, G. B. LEVITINA, AND F. A. SUKOCHEV 



Since F : G is an ideal in l^o, it follows that F : G is a, solid linear subspace in l^o, containing the 
sequence {T]n}^=i with ?/„ ^ a > 0, n G N, that implies F : G = loo- D 

Proposition 4.7. IfF:G^loo, then F : G = G cq : Cv* ^ F, Vr? G G}. 

Proof. By Proposition 14.61 we have that F : G C cq. Let ^ = {S,n}^=i G cq and .^*r7* G F for all 
Tj ^ G. Due to Proposition I4.3| we have {irf)* ^ o'2(^*r/*) G F, i.e. (^r/)* G F. Since F is a symmetric 
sequence space, it follows that ^r/ G F for all r/ G G, i.e. ^ G F : G. 

Conversely, suppose that = {CnlJJLi & F : G. Let a„ = sign^„,77 = {77„}J^]^ G G. Then 
{an??n}^=i G G, and therefore |C|r/ = {^nanVn}n=i ^ ^ for all rj e G, i.e. |^| G F : G C cq. 
Since |^| = ^ cq, there exists a bijection of the set N of natural numbers, such that ^* = 

|^^(„)|. For linear bijective mapping U.„: l^o loo defined by C/7r({??n}^i) = {?/7r(n.)}^i we have 
UnivO = U^iv)UAC),{UAOy= C,{U~\C)y= C for all C G ^oo, in particular, C/^(F) = E for 
any solid rearrangement-invariant space E C loo- Consequently, for all G G we have (,*rj* = 

Propositions 14.61 and 14.71 imply the following corollary. 

Corollary 4.8. F : G is a solid rearrangement-invariant space, moreover, if F : G ^ loo, then 
Coo C F : G C Cq. 

Proof. The definition of F : G immediately implies that F : G is an ideal in loo and cqo C F : G. If 
F : G ^ loo, then, due to Proposition 14.61 we have F : G C cq. 

In the case when F : G ^ loo, we have for any ^ G Co, r/ G F : G, ^* ^ ??*, C € G that ^ rj*(* G F 
(see Proposition l4.7p . Consequently, G F for any ^ G G, which implies the inclusion ^ G F : G. □ 

We need some complementary properties of singular values of compact operators. For every operator 
X G B{H) define the decreasing rearrangement fi{x, t) of x by setting 

H{x,t) = inf{s > : tr(|x| > s) t},t > 

(see e.g. [5]). If x G }C{H), then 

oo 

Kx,t) = ^S„(x)x[n-l,n)(t) = 
n=l 

In ([5], Lemma 2.5 (v),(vii)) it is established that for every x,y (z 13(H) the inequalities 

/i(x + y,t + s) !^ fi{x, t) + n{y, s), 
n{ax, t + s) ^ fi{a, t)fi{x, s) 
hold, in particular, if x,y G Ki{H), then 

(3) K(x + y)}-i <a2(K(x) + s„(y)}~,), 

(4) {sn{xy)}^=, ^ a2[{sn{x)s^{y)}^=i) 

Let X, J7 be symmetric quasi-Banach ideals of compact operators from B{H) and T J . In this 
case, J -.Z C. K,{H) (see Proposition 13. 3p and Ex ^ Ej (see Theorem 14. 4p . therefore Ej : Ex C cq 
(see Proposition 14. 6p . The following proposition establishes that the set of operators belonging to the 
J'-dual space J -.X oiX coincides with the set 

Cej:E^ = {xe }C{H) : {s„(x)}^^=i G Ej : Ex}- 
Proposition 4.9. J -.X = Gej-.Ex- 
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Proof. Let a ^ J -.Z. We claim that a G Cej-.Exi i-^- i = {sn{o)}'^=i £ Ej : Ex- For any sequence 
Tf] G Ex consider operators and x^* . Since ^ J -.Z, x^* G X, we have x^Xr^* G J'. On the other 

n oo 

hand, = || • \\h - hm [Y, Sk{a)ck{xr,*{ip))ek)= Yl Sn{a)ri^Cn{ip)en = x^rj^if) for all ip e H. 

fc=l n=l 

Thus x^^* G J', i.e. ^77* G Ej. Consequently, {sn{a)}^^i G -Ej^ : -Ei (see Proposition 14. 7p yielding our 
claim. 

Conversely, let a G Cej-.Ei-, i.e. {sn{a)}'^=i G -Ej^ : Ex- Due to (j4]), for all x ^ Z we have 
{s„(ax)}^^i < (r2{{sn{a)sn{x)}'^^i)- Since {sn(a)s„(x)}~^^ G £'^7, it follows that <T2({sn(a)sn(x)};^i) G 
Ej, and therefore {sn{cLx)}'^^i G Ej, i.e. ax G J - Consequently, a ^ J --Z- □ 

Let Z^J be symmetric quasi-Banach ideals of compact operators from B{H),Z ^ J and J' : Z be 
the j7-space of X. For any a ^ J --Z define a linear mapping Ta'- Z ^ J hy setting Ta{x) = ax, x G X. 

Proposition 4.10. Ta is a continuous linear mapping from Z to J for every a ^ J '-Z- 

Proof Let a G ^ : X,e = {sn{a)}^^^,Xk G X and ||xfc||j ^ for A: ^ 00. Then i^^) = {s„(xfc)}^^i G 
Ex and HC'''^'' ll-Ei ^ 0. By Proposition 14. H for every subsequence there exists a subsequence 

I^C^'is)}^^ such that ^(^'s) -^-^ for s — t- 00, i.e. there exist ^ r/ G -Ex and a sequence {e^l^x of 
positive numbers decreasing to zero such that ^ £sf]- Since a G ^ : X, we have C, = ^rf ^ Ej, 

in addition, ( ^ 0- Since |^^(^'»)| ^ e,C, it follows that ^^C^'^) 0. By Proposition iH we have 
ll^^^'^^lbj ~^ 0- Consequently, 

hxkWj = \\{sn{axkmEj ^ \W2{^^^''^)\\ej ^ 2Cm^''^\\Ej ^ for A: ^ OO. 

□ 

By Proposition l4.101 Ta is a bounded linear operator from X to J', therefore HXaHg^j j-) = sup{||ra(x) \\j : 
\\x\\x ^ 1} = sup{||ax||j- : ||x||j ^ 1} < oo, i.e. for all a G ^7 : X the quantity 

:= sup{|lox||j7 : x G X, ||x||i ^ 1} 

is well-defined. 

Theorem 4.11. LetZ,J be symmetric quasi-Banach ideals of compact operators in B{H) such that 
Z J . Then [J : X, || • Wj-x) is a symmetric quasi-Banach ideal of compact operators whose modulus 
of concavity does not exceed the modulus of concavity of the quasi-norm || • || j-, in addition, ||ax|| j- ^ 
||a|| j:j|[x||i for all a £ J' ■- Z, X G Z- 

Proof- Since |[ • ||g(x,j') is a quasi-norm with the modulus of concavity which does not exceed the 
modulus of concavity of the quasi-norm || • \\j, we see that || • Wj-x is a quasi-norm on J' : Z with the 
modulus of concavity which does not exceed the modulus of concavity of the quasi-norm || • 
If y G B{H),ae J iZ, then 

\\ya\\j:i = sup{||(ya)x||^ : x G X, ||x||i 1} ^ 

^ sup{||?y||g(^)||ax||j : X G X, ||x||x ^ 1} = \\y\\B{H)\\a\\j:i- 

Since yx ^Z for all x G X and |lyx||i ^ II^^Hi the for y 7^ and ||x||i ^ 1 we have II jjlj^^^llx ^ 

1. Hence, 

l|oy||j:X = sup{||a(yx)||j : x G X, ||x||x 1} 

^ \\y\\B{H) sup{||ax||j : X G X, ||x||i 1} = ||yb(//) ||a||i::7- 
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If p is a one-dimensional projection from B{H), then p & I, \\p\\x = 1) so 

\\p\\j:l = sup{\\px\\j :x£l, \\x\\i ^ 1} ^ WpWj = 1. 

On the other hand, for x € Z with ||x||2 ^ 1 we have ^ 1 (see Proposition 12.61 c)). and 

therefore 

\\px\\j = \\p{px)\\j s; ^ 1. 

Consequently, \\p\\j:X = 1- 

Thus, |[ • is a symmetric quasi-norm on the two-sided ideal JT" : I. The inequality Haxllj- ^ 
||o|| j';j||a;||x immediately follows from the definition of || ■ \\j:X- 

Let us show that {J' : ■ is a quasi-Banach space. 

Denote by ||| • IHj- (respectively ||| • a p-additive (respectively, g-additive) quasi-norm on J' 

(respectively, on J" : I) which is equivalent to the quasi-norm || • \\j (respectively, || • ||j7:x), where 
< p, (/ ^ 1. In particular, we have ai j- ^ \\x\\j ^ /3i j- and a2|||a||| ^ ^■:X ^ /32|||a||| j':X 
for all X € J7, a € J7 : Z and some constants ai, 02, /32 > 0. Let dj{x,y) = \\\x — y\\\^,dj-x{a,b) = 
III a — b\\\y.x be metrics on J7 and JT" : X respectively. 

Let {an}^=i be a Cauchy sequence in {J' : Z,dj:x), i.e. |||an — am\\\j.x ^ for n,m ^ ^{e), 
thus 

1 ,, ,,1 n 

(5) lllflna; - amx|||j ^ — \\anX - amx\\j ^ — ||a„, - am\\j:x\\x\\x ^ 

ai ai 

P2 ,„ ,„ „ „ /32 „ „ 

^ — III a„ - a„ \\\j:x \\x\\t ^ — ^\x\\x 

for all X ^ I for n,m n(e). Consequently, the sequence {a„,x}J^^ is a Cauchy sequence in 
{J',dj),x S I. Since the metric space {J-,dj) is complete, there exists an operator z{x) S J 
such that \\\anX — z{x)\\\K^ — ?• for n — t- 00. Since 

||a„a; - z{x)\\s{h) ^ ll«na^ - ^(3^)11:7 ^ Pi III a„x - z{x)\\\j, 

it follows that ||a„2; — z(x)||g(j:/) — )• 0. 
Since 

llOn — am\\B{H) ^ W^n — am\\j:X ^ P2 \\\ On - am\\\j:X 

for n, m — > 00, there exists a S B{H) such that ||a„ — a||B(H) — > for n — )■ cx). For an arbitrary x G Z, 
we have ||a„x — aj;||5(//) ^ ||an — o||B(H)lk||x — > for n — )• oo. 

Thus, ax = z{x) for all x G T. Since z{x) G J7 for all x G X, it follows that a J' : I, moreover, 
due to dni), ||a„x — ax\\j ^ /32£||2;||x for n ^ n{e) and for all x G X. Consequently, 

- «|||:7;X ^ —\\an - a\\j:X = — sup{||a„x - ax||j : X G X, ||x||x < l}^ —e 

02 "2 "2 

for n ^ n(e), i.e. |||an— alHj-;! ^ 0. Thus, the metric space (J" : X, djij-) is complete, i.e. {J' : I,\\-\\j-x) 
is a quasi-Banach space. □ 

Remark 4.12. Since the quasi-norms \\ ■ \\j and \\ ■ \\j:X are symmetric, for all a G J -.X the relations 
\\a\\j:X = ||«*||^:X = sup{||a*x||j7 : X G X, ||x||x ^ 1} = 

= sup{||x*a|| J- : X G X, ||x||2 ^ 1} = supdlxallj- : x G X, ||x||j ^ 1} 
hold, i.e. for any a G J : X we have 

(6) II^IIj^iX = sup{||xa||j7 : X G X, ||x||i ^ 1}. 
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When I C J" we have J -.X = B{H) and for any a ^ J -.X the mapping Ta{x) = ax is a bounded 
Unear operator from X to J. As in the proof of Theorem 14.111 we may establish that llallj;-:! = 
supdlaxllj- : X G Z, ||x||j ^ 1} is a complete symmetric quasi-norm on ^7 : X. In addition, in case 
X = J we have 

||a||x:X = sup{||ax||j : x G X, ||x||i ^ 1} ^ 

^ sup{||a|lf3(/^)||x|lx : X G Z, ||x||x ^ 1} ^ 

i.e. 

(7) l|a||x:X ^ for all a G T : T. 

Thus, the norm || • \\b{h) ^-iid the quasi-norm || • \\x:X are equivalent. 

Now, let G and F be arbitrary symmetric quasi-Banach sequence spaces in /oo- For every ^ ^ F : G 
set 

m\F:G = snv{\M\F:'neGM\G ^ i}- 

The following theorem may be established similarly to Theorem 14.111 

Theorem 4.13. If G ^ F , then [F : G, || • ||_F:g) is a symmetric quasi-Banach sequence space in cq 
with the modulus of concavity, which does not exceed the modulus of concavity of the quasi-norm || • 
in addition, ||^?7||f ^ ||CII-F:g||^||g for all G F : G,ri G G. 

Let X, J be symmetric quasi-Banach ideals of compact operators from B{H),X ^ J'. By Proposition 
14.91 J -.X = Gej:Exi Cej-.Ex is a two-sided ideal of compact operators from B{H). For every 
a G Gej-.Ex we set 

M\Cej:Ex '■= \\Ma)}\\Ex:Ej- 

Proposition 4.14. || • \\cej-Ex symmetric quasi-norm on Gej-.Ex- 

Proof. Obviously, ||a||cBj.Bj- ^ for all a G Gej-.Ex and HaUcBj^.B^- = 44> a = 0. If a, 6 G Gej-.Exi ^ ^ 
C, then 



\^0.\\ce^..Ex ^ \\{^n{><'^)}'^=i\\Ej:Ex = \M\\0'\\Cej:Ex 



and 



\ci' + b\\cE^:Ex = \\{^n{a + b)}\\Ej:Ex s: h2{{Sn{a) + Sn{b)})\\Ej:Ex ^ 



^ 2G\\{Sn{a)} + {Sn{b)}\\Ej:Ex ^ 
■<2, 



^ 2G'{\\{Sn{a)}\\Ej:Ex + \\{Snm\\Ej:Ex) 

= 2GH\\a\\cE^.,,^ + \\b\\cE^.,J. 



Hence, || • \\cej-ex ^ quasi-norm on Gej-.Ex and the modulus of concavity of || • \\cej-ex does not 
exceed 2C^, where G is the modulus of concavity of the quasi-norm || • 11^;^. 

Since Sn{xay) ^ l|y||B(//)Sn(a) for all a G K.{H),x,y G B{H),n G N (see Proposition 12. 2p . it 

follows 

\\xay\\cEj:Ex = \\Mxay)}\\Ej:Ex ^ \\x\\t3iH)\\y\\l3(H)\HcEj:Ex- 

It is clear that HpUcbj^.b^- = 1 for every one-dimensional projection p. 

Thus, II • Wcej-ex i^ ^ symmetric quasi-norm on Gej-.Ex- D 
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Remark 4.15. (i) If I, J' are symmetric Banach ideals of compact operators in B{H) and X ^ J, 
then [J : X, II • \\j:x) is a symmetric Banach ideal of compact operators (Theorem \4-ll\ ), and therefore 
{Ej:X, II • IIbj-i) is 0, symmetric Banach sequence space in cq ( Theorem \4.4\ )- 

(a) If G,F are symmetric Banach sequence spaces in cq and G ^ F, then (F : G, || • ||f:g) is a 
symmetric Banach sequence space in cq (Theorem \4-13 ), and therefore {Cf-.g, \\ ■ IIc^ g) i^ ^ symmetric 
Banach ideal of compact operators from B{H) (Theorem \1.5]) . 

Theorem 4.16. Let X^J he symmetric quasi-Banach ideals of compact operators from B{H) and 
X(^J. Then 

(i) Ej-x = Ej : Ex and \\ ■ \\ej:Ex ^ II ' Wej.x =^ 2C|| • \\ej:Ex7 where C is the modulus of concavity 
of the quasi-norm \\ ■ 

(a) J -.X = Cej:Ex ^'^^ II ■ Wcej-Ex ^ II ■ 11^:2: ^ 2C|| • Wcej-Ex' where C is the modulus of concavity 
of the quasi-norm \\ ■ \\ej 

Proof. If ^ = ^* G Ej-x, then ^ J -.X (see Theorem I4.4p . Hence, for every r\ = rf ^ Ex we have 
Xrj ^X and = x^x^ S J , i.e. ^rj € Ej. Therefore, due to Proposition 14. 7| ^ € Ej : Ex, in addition, 

U\\ej..x = \\xs,\\j:X = sup{||x5?/||^ : y G X, ||y||i ^ 1} ^ 

^ sup{||x5Xr,||j :r]eEx, MIex ^ 1} = 

= sup{||x^^||j -.Tie Ex, hWEx 1} = 

= SUp{||^7/||£_y -.Tie Ex, WvWex 1} = M\Ej:Ex- 

Conversely, if ^ = ^* G Ej : Ex, then G Cej-.Ex = J '-X (see Proposition 14. 9p . and so ^ G Ej-x- 
Moreover, 

\\i\\Ej.,x = \\x(,\\j:X = sup{||x5?/||^ : y G X, ||y||i 1} = 
= sup{||x|,„(^.^j^)}||j : y G Z, ||y||j ^ 1} 

© sup{||x^2({C.n(s/)}) \\j-y^ 2:, ||y||j ^ 1} ^ 

^ 2Csup{||^K(y)}||E^ : y G Z, ||y||x 1} 

^ 2Csup{||^7?||i,_^ -.r^^Ex, Mex ^ 1} = 2Cm\Ej:Ex- 

Thus, Ej.,x = Ej:Ex and U\\ej:Ex ^ U\\ej..x ^ '^CUWej-.Ex for all C G Ej.,x. 

(ii) For an arbitrary a ^ J : X we have 

\H\Cej:Ex = \\{Sn{a)}\\Ex:Ej = 

= sup{||{s„(a)}r/||£;j -r] e Ex, \\r]\\Ex ^ 1} = 
= sup{||x{s„(a)}a^7,|| J : G X, ||x^||2 1} ^ 
^ sup{||x{s^(a)}y||j : y G X, ||y||i 1} = 

= \\^{s„{a)}\\j:X = \\a\\j:X- 

On the other hand, 

||a||^:X = sup{||ay||j : y G X, ||y||x ^ 1} = 

= sup{||{s„(ay)}^i||£;_y : y G X, ||y||x 1} 

® sup{||(72({s„(a)s„(y)}^=i)||£;j : y G X, ||y||x ^ 1} = 

= 2Csup{||{s„(a)s„(y)}||i5^ : y G X, ||y||x 1} < 
= 2C||K(a)}||£;^;i,^ = 2C||a||c^^^^^. 
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□ 

Since (jT" : X, || • \\j:x) is a quasi-Banach space (see Theorem 14. lip and quasi-norms || • \\j:X and 
II ■ Wcej-ex equivalent (see Theorem 14. 161 (ii) ) . we have the following corollary: 

Corollary 4.17. For any symmetric quasi-Banach ideals T^J of compact operators from B{H),I ^ 
J7, the couple {Cej-.Ei^ \\ ■ Wcej-ex^ '^^ ^ symmetric quasi-Banach ideal of compact operators from B{H). 

The following theorem gives the full description of the set Der{I, J'). 

Theorem 4.18. (i) Letl and J he symmetric quasi-Banach ideals of compact operators from B{H),X ^ 
J . Then any derivation 6 from X to J has a form 5 = 5a for some a G Cej-.Ei oind ||a||B(//) ^ 
ll'^a||B(x,j')- Conversely, 5a € Der{Z,J) for all a e Cej-.Ex- In addition, \\5a\\B{x,j) ^ 2C||a||j-:i, 
where C is the modulus of concavity of the quasi-norm \\ ■ 

(ii) Let G and F he symmetric Banach (respectively, F is a p-convex, G is a q-convex quasi-Banach) 
sequence spaces in cq and G F. Then any derivation 5: Cq Cp has a form 5 = 5a for some 
a € Cp-G o-nd \\a\\i3{H) ^ 11*^0 ||b(Cg,Cf)- Conversely, 5a € Der{CG-,Cp) for all a € Cp-c- In addition, 
\\5a\\B{CG,CF) ^ ^Cllallc^:;^^, whcrc C is the modulus of concavity of the quasi-norm \\ ■ \\ce- 

Proof, (i) According to the Theorem 13.61 any derivation 5: X ^ J has a form 5 = 5a for some 
a ^ J -.X. Since J -.X = Cpj-Px (see Theorem I4.16p . we have a G Cpj-Px and ||a||e(H) ^ ||<^a||B(z,j)- 

Conversely, if a G Cej-^Ej, then a ^ J '.X, and, according to Theorem 13.61 5a G Der{X, J). 

Moreover, 

¥a\\B{x,j) = sup{||(5a(a;)||j : X G X, i|x||x ^ 1} = 

= suplllax — xa\\j : x G X, ||x||i ^ 1} ^ 

^ sup{C(||ax|| J + llxallj-) : x G X, ||2;||x ^ 1} = 

= 2C sup{|jax||j/' : x G X, ||x||i ^ 1} = 2C||a||j':X. 

Item (ii) follows from (i) and Theorems 11.51 and 14.161 The inequality ||5a||B((7j7,CG) ^ 2C||a||cg:C'^ 
is proven in the same manner. □ 

It is of interest to compare the estimates obtained in Theorem 14.181 with the result of L.Zsido 
|22j . who established that for any derivation 5 = 5a, a G B[H) acting in a von Neumann algebra 
M. G B{H) the inequality ||(5a||_M^._A/( ^ 2||a||g(j:/) holds. The inequalities established in Theorem 
14. 181 for derivations acting in arbitrary symmetric quasi-Banach ideals of compact operators are very 
similar to those of Zsido. Note, that our proof of these inequalities is based on the technique of j7-dual 
spaces and differs quite markedly from the techniques used in (22]. 

We illustrate Theorem 14.181 with an example drawn from the theory of Lorentz and Marcinkiewicz 
sequence spaces. Let uj = {oJn}'^=i be a decreasing weight sequence of positive numbers. Letting 

3 oo 

^U) = S ^n;J £ N, we shall assume that W{oo) = ^ w„ = oo. 

n=l n=l 

The Lorentz sequence space 1 ^ p < oo, consists of all sequences ^ = {Cn}^=i £ cq such that 

oo 

5;(e:r«;„)-<oo. 

n=l 
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The Marcinkiewicz sequence space m^, 1 ^ p < oo, is the space of all sequences ^ = {Cn}^=i £ cq 
satisfying 

It is well known (see e.g.[12] and [15], Proposition 1) that || • ||;p ) and (m^, || • 11^*;^,) symmetric 
Banach sequence spaces in cq. 

Hence, (C;p,|| • \\cp) and (C^p i II " lie p ) are symmetric Banach ideals of compact operators 
(Theorem ll.Sp . Since h : 1^ = rriyy (see e.g. [I2]) it follows that Ip : = rnf^ for every 1 ^ p < oo 
([TS], §2). By Theorem 14.161 Cp : CiP = C^p and ||a||cp:Cp ^ 2||a||c p for all a £ Cp : CiP . From 
Theorem 14.181 (ii), we obtain the following example significantly extending similar results from [8]. 



Corollary 4.19. A linear mapping 5: CiP — > Cp, 1 ^ p < oo is a derivation if and only if 5 = 6a for 
some a € C^p_, in addition, \\S\\i3{c,p ,Cr,) ^ 2||a||c„:C,p ^ 4||a||c p ■ 

In conclusion, note that, by Theorem 13.21 and ([8]), any derivation 5 from a symmetric quasi-Banach 
ideal X into a symmetric quasi-Banach ideal such that X C J', has a form 5 = 6a for some a E B{H) 
and, in addition, ||a||B(iy) ^ ||'5a||B(j,j') ^ ^CHaHj-;!, where C is the modulus of concavity of the quasi- 
norm || ■ Moreover, for the case when I = J' we have ||a||B(/f) ^ ll'^a||e(x,j') ^ 2C||a||0(j|/), where 
C is the modulus of concavity of the quasi-norm || • \\x (see ([7])). This complements results from [1]. 
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